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Introduction  
Tennis has always been a passion of mine - I have played tennis for over a decade now, and am 

still enthralled by how experienced tennis players instinctively know what angle to hit the ball 

and how fast to swing to send it where they want it to go. Hence, I have decided to centre my 

mathematical exploration on tennis ball trajectories, and the various factors that influence the 

aerodynamics of a tennis ball. I will be focusing on groundstroke (forehand/backhand shot that is 

usually hit from the back of the tennis court). 

Firstly, I determined the factors that would have an effect on the tennis ball trajectories – the 

most evident would be the speed and angle (to the horizontal) at which it is hit. While in the air, 

several forces act on the ball – gravitational force, drag/ air resistance, friction, lift, and spin 

(Mooney, 2013). In my exploration, I will firstly come up with a basic model for the tennis ball 

trajectory, only taking into account the initial force of the hit and gravitational force, and explore 

various features of the trajectory. Secondly, I will explore the forces of drag/ air resistance and 

friction, and thirdly take into account spin (or what is termed the Magnus effect). Finally, I will 

construct a theoretical trajectory using Microsoft Excel 2011 ™, taking into account air resistance 

and the Magnus effect, and compare it to my experimental trajectory, as outlined in the next 

paragraph. 

In the initial stages of brainstorming for my mathematical exploration, I began to observe and 

record the various factors that impacted my own play – I became more aware of the power (or 

speed) and the angle at which I hit the ball, as well as the amount of spin I put on it. Just hitting 

the ball at a slightly larger angle (as analyzed by Logger Pro later on), hitting the ball just three 

degrees higher landed it about two meters away from the original spot; ceteris paribus – although 

the magnitude of the change would also depend on initial speed and angle. I decided to record 

my game and do a video analysis of my own tennis playing using Logger Pro software and 

compare it to the theoretical trajectory I had formulated in the models.  
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First Model  

Assumptions of the first model  

The trajectory of the tennis ball is taken to be the ballistic trajectory of a projectile - that is, a 

single particle/ unit/ object traveling through the air. This is the path that it will take under 

gravitational acceleration, sans all other forces (vacuum trajectory): 

• Drag force/ Air resistance / Friction  

• Spin/ Magnus effect (lift) 
 

The path of the tennis ball is assumed to start at a height 1 of 1 m, as I generally hit the ball at 

slightly above waist height (0.9 – 1.1 m). 
  

For the purposes of my diagram (that illustrates the path of the tennis ball over the court/ net), 
the net is taken to be 1 m in height (under tennis court rules, the net is suspended at 1.07 m at 
the two posts, and 0.914m in the center). I measured the height of the tennis net at the two sides 
and the center, which showed the net to be in between 0.95 m and 1.03 m in height. The ball is 
assumed to be hit from the baseline, about 12m from the net (International Tennis Federation, 
2013). The trajectory is plotted on a Cartesian plane. 
 

Notation 

g  = gravitational acceleration,  (m/s2). This is taken to be approximately 9.8 m/s2. 

v0


 = vector of initial velocity at which tennis ball is hit, at angle θ  to horizontal 

v0
 

= v0  =initial velocity (magnitude of vector v0


) 

t  = time (s)  

θ  = angle to horizontal at which tennis ball is launched 0 <θ < π
2
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From the simple diagrams above, I derived formulas for both horizontal and vertical motion.  

Diagrams adapted from: (OpenSource Physics, 2010) 
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Horizontal motion (x-axis)  

• As no external forces like air resistance 
are assumed to act on the horizontal 
axis, acceleration, ax = 0  (hence, there 
is uniform motion) 

• The horizontal velocity,  
vx  (at time t ) = vcosθ  = v0 cosθ ,  
as horizontal velocity remains constant 
( ax = 0 ) 

• Displacement, x = (v0 cosθ )t  (1) 
(horizontal displacement = horizontal 
velocity ✕ time) 

Vertical motion (y-axis)  

• As gravitational force/ acceleration acts 
downwards, ay = −g  (gravitational 

acceleration assumed to be constant) 

• The vertical velocity,  
vy   (at time t ) = v0 sinθ − gt ,  

as ay = −g  

• Displacement, y = (v0 sinθ )t −
1
2
gt2 + h (2)  

as the distance traveled by a free falling 

object = 
1
2
gt2   (Tennessee, 2013)

 

(1) and (2): I derived these equations by integrating the equations for horizontal and vertical 
velocity, vx  and vy  respectively, as the integral of velocity results in displacement. Horizontal 

velocity vx = v0 cosθ  is constant ∴ x = (v0 cosθ )t  (1) 

Similarly, y = v0 sinθ − gt∫ dt  

 As v0 sinθ − gt is constant, I assume that gravitational acceleration is constant and uniform:  

y = (v0 sinθ )t −
1
2
gt2 + c   

When t = 0 , the tennis ball is at point (0,h) , c = h  

∴y = (v0 sinθ )t −
1
2
gt2 + h  (2) 

 

General Parabolic Trajectory 

By manipulating the above formulas, I 
obtained a general parabolic equation.  

Using equation (1) from above, I derived a 
formula for t.  

t = x
v0 cosθ

   

 

Substituting this into equation (2): 

y = (v0 sinθ )
x

v0 cosθ
−

gx2

2v0
2 cos2θ

+ h  

y = x tanθ − gx2

2v0
2 cos2θ

+ h  (3) 

∴y = −gsec
2θ

2v0
2 • x2 + tanθ • x + h   

(equation in the form y = ax2 + bx + c )
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Angle θ needed to reach any point (x,y ) 

on the Cartesian plane 

I simplified equation (3) using  
trigonometric identities: 

y = x tanθ − gx
2 sec2θ
2v0

2 + h  

y = x tanθ − gx
2

2v0
2 (1+ tan

2θ )+ h  

 
Rearranging for one side to equal zero: 

0 = − gx
2

2v0
2 tan

2θ + x tanθ − y− gx
2

2v0
2 + h  

 
Letting tanθ = a ,  

0 = − gx
2

2v0
2 a

2 + xa− y− gx
2

2v0
2 + h  

 
Solving using the quadratic formula: 

a =
−x ± x2 − 4 −

gx2

2v0
2

"

#
$

%

&
' −y−

gx2

2v0
2 + h

"

#
$

%

&
'

2 −
gx2

2v0
2

"

#
$

%

&
'

 

a =
x ± x2 1− 4 g

2v0
2

"

#
$

%

&
' y+

gx2

2v0
2 − h

"

#
$

%

&
'

"

#
$

%

&
'

gx2

v0
2

 

a =
v0
2 ± v0

2 (1− 2yg
v0
2 −

g2x2

v0
4 +

2hg
v0
2 )

gx
 

a =
v0
2 ± v0

4 − g(2v0
2 (y− h)+ gx2 )

gx
 

 
Substituting a = tanθ :  

tanθ = v0
2 ± v0

4 − g(2v0
2 (y− h)+ gx2 )

gx
 

θ = tan−1 v0
2 ± (v0

4 − g(2v0
2 (y− h)+ gx2 )

gx

"

#
$
$

%

&
'
'  

 

Angle θ needed to reach (x,0) on 

the Cartesian plane 

At the point where the ball lands in the 
court, y = 0 , therefore the angle θ needed 
to reach (x,0) on the Cartesian plane 

is:θ = tan−1 v0
2 ± (v0 + g(2hv0

2 − gx2 )
gx

"

#
$
$

%

&
'
'

 

 

Apex height of tennis ball  

From equation (3),  

y = x tanθ − gx2

2v0
2 cos2θ

+ h  

Taking the first derivative, 
dy
dx

= tanθ − gx
v0
2 cos2θ  

At the apex point (turning point),  
dy
dx

= 0  

∴ tanθ − gx
v0
2 cos2θ

= 0  

x = v0
2 cos2θ tanθ

g
=
v0
2 sinθ cosθ

g  (4) 

 
Using trigonometric identities: 

x = v0
2 sin2θ
2g  

 
Substituting (4) into equation (3): 

y = v0
2 sin2θ
g

−
v0
2 tan2θ cos2θ

2g
+ h  

y = v0
2 sin2θ
2g

+ h  

 
Therefore the apex height of the tennis 

ball trajectory is 
v0
2 sin2θ
2g

+ h ,  

at distance x =
v0
2 sin2θ
2g  away from the 

initial point of impact. 
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It is interesting to note that the mathematical equations obtained on the previous page are quite 
complicated and all involve multiple parameters (that would be hard to compute whilst in the 
middle of the tennis game!) It takes a lot of practice, but we seem to know intuitively (by skill and 
judgment from past experience) the angle at which to hit the ball as well as how hard to hit it. I 
certainly do not rely on equations during my tennis matches! Furthermore, even with the appar-
ent complexity of these equations, we have to realize that this is simply the first simplified model 
– there are other forces involved in the determination of the trajectory of a tennis ball, as investi-
gated below. 

 

Drag Force   
Drag force/ Air resistance / Air friction 

As the tennis ball travels through the air, the air resists the motion of the ball and slows it down, 
resulting in a smaller overall displacement and a lower apex height. This backwards force, called 
the drag force, is caused by the discrepancy between the air pressure at the front of the ball and 
the force at the back of the ball. (The University of Sydney, 2011). There are various factors 
affecting the size of the drag, including the size and speed of the ball, the surface of the ball, and 
the air density.  

As a tennis player, I never really thought about drag force when I played – let alone considered 
all the parameters listed below. Although I was very aware of air resistance (elementary school 
science made sure of that), its effect on the trajectory of a tennis ball never really crossed my 
mind. Also, many of the parameters involved in drag/air resistance (such as air density and the 
cross-sectional area of the tennis ball) do not vary very much and so their effects are not very 
apparent, which explains why I wasn’t aware of these factors.  

Notation 

Fd  = drag force (N) 

v  = instantaneous velocity of tennis ball (m/s)  

Cd  = drag coefficient (this is not constant, but varies as a function of speed, flow direction, 
object position and size. Also, the uneven surface of a tennis ball disrupts airflow around the ball 
in flight (Mooney, 2013), making the ball move slower in the air, so the more uneven the surface, 
the greater the drag coefficient.) The drag coefficient for tennis balls is between 0.5 (worn balls)-
0.6 (new balls), so for the purposes of my calculations, Cd is taken to be 0.55 as I used a ball in 
moderately good condition (about a few months old). (Education, 2012) 

Prior to this investigation, I did not know that the condition of a tennis ball had an effect on the 
drag coefficient, although I did know that the condition of the tennis ball affected tennis play. I 
change my tennis balls once every year or two (as I only play once a week, this is no problem), 
but in ITF matches such as during Wimbledon, tennis balls are changed every 9 games! 

A  = cross-sectional area of the tennis ball (πr2  where r  is the radius of the tennis ball) (m2). The 
radius of a standard ball is 0.0343 m (Claire, 1988), therefore A  is approximately 0.00370 m2. 
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ρ  = air density (kg/m3), approximately 1.275 kg/m3 according to International Standard 
Atmosphere (ISO, 1975). This value is given at sea level and a temperature of 15°C and will be 
used in our experimental calculations later, but it is important to note that the temperature of my 
surroundings was slightly higher than 15°C, so there would be a slight variation in air density 
(although not significant). 

The drag force is given by the formula: 

Fd =
CdAρv

2

2
 (The University of Sydney, 2011).  

This is a relatively complicated formula, which would be difficult to prove (at least, within the 
scope of this investigation). However, the formula does make sense intuitively – as the cross-
sectional area of a tennis ball increases, so should the drag force as there is more area for the air 
to resist the motion of the tennis ball. As air density increases, there are more air particles in the 
air to resist motion as well. The momentum imparted to each parcel of air is proportional to 
velocity, and the number of parcels of air hitting the ball is also proportional to speed, therefore it 
makes sense that drag force is proportional to velocity squared. 

Drag force acts backwards, as it is in the opposite direction of motion (forces act in opposite 
directions, in accordance with Newton’s third law). Using this, I generated new equations of 
motion for both horizontal and vertical motion (refer to diagrams on pg. 4).  

Horizontal motion (x-axis)  

• dvx
dt

= ax =
−Fd cosθ

m
 

= −kvCdvx   

Vertical motion (y-axis)  

• 
dvy
dt

= ay =
−Fd sinθ

m
− g

 
= −kv(Clvx )− g  

(where constant k = Aρ
2m

 for ease of reference) 

Magnus Force / Lift 
Magnus force results in topspin or backspin. Topspin, in particular, is critical in tennis as it 
makes the ball bounce forward at a steeper angle and descend faster, allowing the tennis player 
to hit with more forward speed (initial velocity of the tennis ball) at any given height, making it 
harder for opponents to return shots (less time to respond, and greater racket impact/ exertion). 
When any object is moving through the air, its surface interacts with a thin layer of air (boundary 
layer), altering the flow of air such that air pressure on top of a spinning ball is decreased 
(topspin, force downwards) or increased (backspin, force upwards). (Kaat, 1997)  

Although the Magnus force is less well known among the public than the drag force, the Magnus 
force is certainly very important towards tennis play. After a tennis player grasps the basic 
concepts of how to hit the ball and hold the racket, the Magnus force and how we use it in tennis 
play becomes of utmost importance. I remember my tennis teacher always reiterating: “Spin! 
You have to put spin on the ball!” Of course, I hardly knew ‘spin’ referred to the Magnus force, 
only that hitting a tennis ball with spin would cause it to curve forward much faster and allow it 
to fall within the baseline (as well as save me the wrath of my coach). 
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After further research, I discovered that the Magnus force always acts at right angles to the drag 
force and spin axis. This is because when the ball spins forward, the friction between the air and 
the ball surface deflects air downwards. Due to Newton’s third law, the air exerts an equal force 
upwards in the opposite direction, resulting in an upward lift force 
perpendicular to motion. The opposite can happen when a ball 
spins backward, resulting in a downward Magnus force (see 
diagrams on right). Magnus force can be calculated using a formula 
similar to that of drag force: 

FL =
CLAρv

2

2
 (The University of Sydney, 2011), 

FL  being the lift force (N), and CL , the lift coefficient, given by: 

CL =
1

2+ v
vspin

 (The University of Sydney, 2011),  

where vspin = rω , the peripheral speed of the ball and ω  is the angular speed about a horizontal 

axis, perpendicular to the path of the ball. The angular speed ω  usually varies from about 100 to 
about 500 radians/sec, which is about 16 to 80 revolutions per second (1 rev/sec = 6.28 rad/sec). 
CL  is taken to be 0.2 for later calculations. 
From this breakdown of CL , we can see that CL <CD  as CL reaches a maximum limit of 0.5. 
When vspin  is much larger than v , 

 
v
vspin

→ 0   ∴CL →
1
2+ 0

=
1
2

 

The fact that there is a limit to the lift coefficient also makes sense intuitively, as tennis players 
like myself realize that there is simply a limit to the amount of spin we can put on a ball. Of 
course, however, the lift coefficient depends on each player – some players like to play with more 
spin and others do not. In fact, as a tennis player, I have never really thought about how spin is 
created – I somehow just intuitively alter the angle of my racket and the way it brushes over the 
tennis ball to create ‘spin’ or varying magnitudes of Magnus force. The amount of spin is critical; 
as we can see from the second excel graph on pg 12, a change from a lift coefficient of 0.2 to 0.4 
can have quite a tremendous effect on the ball trajectory. 
 

Similar to what I did for the drag force, I generated new equations of motion for both horizontal 
and vertical motion.  

Horizontal motion (x-axis)  

• dvx
dt

= ax =
−Fd cosθ +Fl sinθ

m
 

= −kv(Cdvx −Clvy )   

Vertical motion (y-axis)  

• 
dvy
dt

= ay =
−Fd sinθ −Fl cosθ

m
− g

 
= −kv(Clvx +Cdvy )− g  

(where constant k = Aρ
2m

 for ease of reference, and assuming the ball has topspin - if the ball has 

backspin, the sign in front of Cl  will be changed)

Topspin 
 

Backspin 
Diagrams from: (The University of Sydney, 2011) 
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Comparison of Theoretical & 
Experimental Trajectory 

 

I discovered that when taking into account drag and lift, finding a general equation for the 
trajectory relating x and y becomes a lot more complicated and cannot be modeled using a 
simple equation. This is because drag and lift are proportional to the velocity squared, and 
velocity is constantly changing. (Werner, 2007) However, a theoretical trajectory accounting for 
drag and lift can be modeled via a numerical method, involving the use of Microsoft Excel 2011™.  

As ax =
dvx
dt

 ,  

vx = ax∫ dt = axt + c  (*note: as ax  is a function of time, it is not mathematically astute to simply 

integrate it in this manner. However, I only look at small changes in time of 0.01s, so this method 
can be employed.) 

When t = 0, vx = v0 , ∴c = v0  

∴vx = axt + v0 = Δvx + v0     

In other words, the velocity at time n+0.01s must be the change in velocity added to the velocity 
at time n. This is used in the spreadsheet calculations outlined later.  

Also, as vx =
dx
dt

, we can write: Δx = vx •Δt  (*note: this yields acceptable approximations.) 

By taking the integral: x = vx dt∫ = axt + v0∫ dt  

*note: again, as ax  is a function of time, it is not mathematically astute to simply integrate it in 
this manner. However, I only look at small changes in time of 0.01s, so displacement for short 
time increments is modeled by: 

x = 1
2
ax (Δt)

2 + v0Δt + c =
1
2
ax (Δt)

2 +Δx + x0  

A formula for displacement y is attained in a similar fashion: 

y = 1
2
ay (Δt)

2 +Δy+ y0  

 

I determined the parameters for the theoretical trajectory using the instantaneous velocities and 
x,y positions of our experimental trajectory generated by Logger Pro: 

• Initial angle θ  = arctan Δy
Δx

 = 23.0°  

(I calculatedΔy  and Δx  from the second and third frame as the first frame is uncertain 
due to difficulties in plotting the exact point in the video analysis). 

• Initial velocity v0
 
= 2vx +

2vy = 24.4 m/s 

(I calculated vx and vy  from the second and third frame as the first frame is uncertain due 

to difficulties in plotting the exact point in the video analysis). 
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Using the formulas on the previous page, I formulated an Excel spreadsheet to produce a 
theoretical trajectory depicting the relationship of y on x. As the experimental trajectory shown 
on the next page occurred in the time frame of 1.5s, and each data point of the theoretical 
trajectory is 0.01s apart, 150 data points were calculated using the spreadsheet. 
 

Photo: Screenshot depicting how model of theoretical trajectory was formulated on Excel 

 
These data points were graphed and then compared to an experimental trajectory of my own 
tennis play. My experimental trajectory was analyzed using Logger Pro, as shown below (that’s 
my coach and I there – for clearer view of the trajectory, see excel graph on next page): 
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The experimental and theoretical graphs were then plotted together on Excel. The small gap in 
the experimental trajectory is due to the difficulty of plotting the points of one section of the 
video (refer to picture on previous page). 

 
Although there seems to be a slight discrepancy between the theoretical model and the 
experimental trajectory, this may be due to the uncertainties that arise from assumptions that 
were made in the formulation of the model (for example, the values for air density, mass of the 
ball, etc.), as well as in the analysis of the experimental trajectory itself. These limitations are 
outlined further in the conclusion. However, this does not mean our theoretical trajectory is not 
useful; by changing the inputs (such as initial angle, initial velocity, and drag & lift coefficient), it 
can illustrate the effect of these inputs on the tennis ball trajectory.  

For example, if I change the 
initial velocity input to 16 m/s, 
it is clear that there will be a 
lower apex point and a 
smaller displacement. If I 
increase the lift coefficient to 
0.4 (increasing topspin), there 
is also a lower apex point and 
smaller displacement. This is 
illustrated by the graph on the 
right, produced in the same 
manner as the original 
theoretical trajectory using 
the Excel spreadsheet and 
model. 
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Upon seeing that such small changes could have such drastic effects on the trajectory, I played 
around with the inputs of the theoretical trajectory to find if I could map my theoretical 
trajectory onto my real experimental trajectory. Simply by changing the lift coefficient from 0.2 
to 0.3, increasing the drag coefficient from 0.55 to 0.60, and changing the initial velocity from 
24.4 m/s to 24.0 m/s, I got a theoretical trajectory that almost exactly overlapped that of the 
experimental trajectory. As the lift and drag coefficients were assumed values, they could very 
well be at 0.3 and 0.6 respectively (in fact, as mentioned earlier – the drag coefficient tends to be 
around 0.6 for new tennis balls). Also, the initial velocity calculated using Logger Pro very much 
depended on my plotting of the trajectory points (from different shots/frames), and the small 
difference between 24.4 m/s and 24.0 m/s is very much possible and within range of my 
uncertainties.   

 
It is intriguing to note that such minute differences can make such a large difference in tennis 
ball trajectories. I always knew that tennis is a refined sport, but through this investigation I’ve 
come to realize just how precise we have to be. It all comes down to that split second – the 
fluidity of the swing, the balance of power and control, the refining of the racket’s angle – all 
these things affect the trajectory of the ball. However, the mathematics of it only gets us so far – 
to achieve this level of precision, repetition is key – we have to train – hit tennis balls over and 
over again until it almost becomes an involuntary, intuitive response.  
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Conclusion 
Clearly, there are many complex factors that affect the trajectories of tennis balls. Hence, there 
were inevitably some assumptions made in the construction of my model. The drag and lift 
coefficients were assumed to be constant for the purposes of my model, but in reality drag force 
causes a decrease in spin rate, and therefore a decrease in the coefficients. Also, in reality, 
gravitational acceleration is subject to change and may depend on the direction of the 
acceleration over long distances – this change is however considered virtually negligible as the 
tennis ball only traverses the short distance of the tennis court. I also assumed that values for 
constants conformed to standards outlined by the International Tennis Federation. Small 
changes in these values can lead to drastic effects on the trajectory. When these small changes 
are made to the inputs of the theoretical trajectory to match it with the experimental trajectory, 
however, we can see that the theoretical trajectory can indeed be mapped onto the experimental 
trajectory, suggesting that the model can produce useful representations if precise values of each 
factor can be measured. 

Also, there may have been slight inaccuracies in the mapping of the experimental trajectory. I 
took the video with a Canon EOS 600D, with a FPS (frame rate per second) of 50 which was 
adequate for mapping the trajectory of the tennis ball. However, the angle of the camera would 
affect perspective and distance, and since distances in the experimental trajectory were 
calibrated in accordance to the distance between the baseline and the net from the center of the 
court (11.9m- see green line in photo below), the tennis ball would have had to be hit ‘down the 
line’, that is, straight down that green line to the other side of the court. To minimize the 
inaccuracies caused by this, I recorded a total of 87 trajectories and chose a trajectory that hit 
straight above the 
centerline. I also made sure 
the camera was placed 
parallel to the court (camera 
was on the other side of the 
neighboring court), so 
distances wouldn’t be 
affected by camera angle.  

Although there are 
limitations to the model, it 
is still useful in illustrating 
the various effects of 
different factors on the 
trajectory of a tennis ball. If exact measurements of each factor can be found – for example the 
drag and lift coefficients, the model may prove to be useful in real life-application for tennis 
players keen on improving their play. Furthermore, the models and formulas obtained in this 
investigation do not only apply to tennis balls; in fact, they apply to a variety of ball sports (eg. 
Baseball and golf), and other things, like the path of a rifle bullet or the launch of a missile.  
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